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1 Introduction 



A gravitational instanton is a smooth four-dimensional manifold with a Rie- 
mannian metric satisfying Einstein equations. A particularly interesting class 
of gravitational instantons is that of four-dimensional hyperkahler manifolds, 
i.e. manifolds with holonomy group contained in SU (2). A hyperkahler man- 
ifold can be alternatively characterized as a Riemannian manifold admitting 
three covariantly constant complex structures /, J, K satisfying the quater- 
nion relations 

IJ= -JI = AT, etc. (1) 

such that the metric is Hermitian with respect to /, J, K. Covariant con- 
stancy of /, J,K implies that three 2-forms u)\ = g(I-, 0)^2 — 9(J', = 
g(K-, •) are closed. If we pick one of the complex structures, say I, we may 
regard a hyperkahler manifold as a complex manifold equipped with Kahler 
metric (with Kahler form U\) and a complex symplectic form uj = u; 2 + iu^. 

Hyperkahler four-manifolds arise in several physical problems. For exam- 
ple, compactification of string and M-theory on hyperkahler four-manifolds 
preserves one half of supersymmetries and provides exact solutions of stringy 
equations of motion. 

The only compact hyperkahler four- manifolds are T 4 and K3, but the K3 
metric is not known explicitly. In the noncompact case there are several possi- 
bilities to consider. The are no nontrivial hyperkahler metrics asymptotically 
approaching that of R 4 , but the situation becomes more interesting if one 
asks that the metric be only Asymptotically Locally Euclidean (ALE), i.e. 
that the metric look asymptotically like the quotient of R 4 by a finite group 
of isometries. All such metrics fit into the ADE classification of Kronheimer 
which we now briefly explain. Let T be a finite subgroup of SU(2). There is 
a natural correspondence between such T's and ADE Dynkin diagrams: 
diagram corresponds to the cyclic group Z^+i, Dk diagram corresponds to the 
binary dihedral group Dfc__ 2 of order A{k — 2), and Ek diagrams correspond 
to symmetry groups of tetrahedron, cube, and icosahedron. Since SU(2) 
acts on C 2 by the fundamental representation, we may consider quotients 
C 2 /r (known as Kleinian singularities). Kronheimer showed that resolu- 
tions of Kleinian singularities admit ALE hyperkahler metrics, and that all 
such metrics arise in this way [|I|, [|. In the Ak case the metric has been 
known explicitly for some time: it is the Gibbons-Hawking metric with k+ 1 
centers T5j . Kronheimer provided an implicit construction of Dk and ALE 
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gravitational instantons as hyperkahler quotients ]T[. 

Another interesting class of noncompact gravitational instantons is that 
of Asymptotically Locally Flat (ALF) manifolds. This means that the metric 
asymptotically approaches the metric on (S 1 x R 3 ) /Y where Y is some finite 
group. The only known hyperkahler metric of this sort is the multi-Taub- 
NUT metric. As a complex manifold the k + 1-center multi-Taub-NUT space 
is isomorphic to the resolution of C 2 /Zfc +1 , so we will call it A^-tjpe ALF 
gravitational instanton. Compactification of M-theory of this manifold is 
equivalent to a configuration of k + 1 parallel D6 branes in IIA string theory. 
Furthermore, it is expected that a configuration of an 06+ orientifold and 
k D6 branes in IIA string theory corresponds to the compactification of M- 
theory on a Dk ALF space ||, i.e. an ALF gravitational instanton isomorphic 
to the resolution of C 2 /Dfc_2- More generally, any compactification of M- 
theory on an ALF hyperkahler manifold should correspond to a IIA brane 
configuration preserving half of supersymmetries. Thus it is of interest to find 
all four- dimensional ALF hyperkahler metrics in as explicit form as possible. 

In our previous paper || we constructed Dk ALF metrics from mod- 
uli spaces of certain ordinary differential equations (Nahm equations). In 
this paper we construct both Ak and ALF hyperkahler four-manifolds 
from moduli spaces of solutions of U(2) Bogomolny equations on R 3 with 
prescribed singularities. Solutions of SU(2) Bogomolny equations with sin- 
gularities were previously considered by Kronheimer ||, and much of our 
discussion closely follows that in Ref. M. The idea is that, on one hand, the 
moduli space of Bogomolny equations carries natural hyperkahler structure, 
while on the other hand the solutions can be found by means of Ward cor- 
respondence. This approach yields directly the twistor space (in the sense 
of Penrose) of the moduli space of solutions. To get the metric itself one 
needs to find an appropriate family of sections of the twistor space. In both 
Ak and D k cases we were able to identify the correct family of sections only 
modulo some finite choices. The Ak metrics are simple enough so that one 
can explicitly see that only one choice gives nonsingular metrics. In the end 
of subsection 5.1 we argue that the D k twistor spaces we have constructed 
correspond to everywhere smooth hyperkahler metrics as well. We also show 
that the Dk ALF metrics we obtain are identical to those found in Ref. |J. 

Let us explain what we mean by solutions of Bogomolny equations with 
prescribed singularities. Recall that Bogomolny equations on R 3 are equa- 
tions for a connection A in a vector bundle B over R 3 and a section $ of 
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|Tra 2 . Fix k distinct 



points pi,...,pk e R 3 . A singular U(2) monopole is a solution of U(2) 
Bogomolny equations on R 3 \{p 1? . . . ,p k } satisfying the following conditions. 

(i) As r — » p a 2r a $ — > i diag (0, — £ a ) up to gauge transformations, and 
d (r a \\ $||) is bounded. Here r a = \r — p a \, a = 1, . . . , k. 

(ii) As r — > oo one has asymptotic expansions, up to gauge transforma- 
tions, 



We will refer to n as the nonabelian charge of the monopole, and to {£ a } 
as its abelian charges. We will assume that //i > /i 2 . We also set n' = 
n — J2 a ^a, H = Hi — A*2; f° r short. 

Every fiber of the complex rank two bundle B splits into the eigenspaces 
of $, B = Mi © M2, near r = p a or when r — > 00. Let Mi correspond the 
eigenvalue of $ diverging as r — > p a . It is a simple consequence of Bogo- 
molny equations that — l a is the degree of M\ restricted to a small 2-sphere 
around f = p a . Similarly, — n and n' are the degrees of eigensubbundles of 
B restricted to a large 2-sphere. Therefore n and {£ a } are integers. 

String theory considerations imply that the moduli space of n = 1 mono- 
pole with £ Q = 1, a = 1, . . . , k is an Ak-i ALF gravitational instanton, and 
the centered moduli space of n = 2 monopolef] with £ a — 1, a = 1, . . . , k is a 
-Dfc ALF gravitational instanton |7[]. In this paper we show that this is indeed 
the case. The main tool is the Ward correspondence described in section 2. 
In section 3 we use it to derive the twistor space for arbitrary n. In sections 
4 and 5 we deal with n = 1 and n = 2 cases, respectively. We show that the 
moduli spaces are resolutions of A k _i and D k singularities, as expected, find 
the real holomorphic sections of the twistor spaces, and derive the Kahler 
potentials for the metrics using the generalized Legendre transform method 



1 The centered n = 2 monopole moduli space is a U(l) hyper kahler quotient of the 
n = 2 monopole moduli space; see section 5 below. 





of Refs. [|, |. 
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2 Ward correspondence 



From now on we restrict ourselves to the case £ a = l,a = l,...,k. We 
make some comments on the more general case of positive £ a at the end of 
subsection 5.1. To construct the moduli space of singular U(2) monopoles, 
we will use a version of Ward correspondence due to Hitchin |lOj. The set of 
all oriented straight lines T in R 3 has a natural complex structure, as it is 
the tangent bundle of the projective line. T can be covered by two patches 
V (( ^ oo) and Vi(C ^ 0) with coordinates (77, C) and (77', CO = (v/( 2 , V0- 
For any point x G R 3 the set of all oriented straight lines through x sweeps 
out a projective line P x G T; thus there is a holomorphic map P x : P 1 — > T. 
The reversal of the orientation of lines in R 3 is an antiholomorphic map 
r : T — > T satisfying r 2 = id. It is called the real structure of T. For any x 
it acts on P x as the antipodal map. Thus P x is a real holomorphic section of 
T. 

For any straight line in R 3 

7 = {x\x = ut + v,u ■ u = 1, u • V = 0} 

let 

7 + = {x\x = ut + v,t > R} , (2) 
7_ = {x\x = ut + v, t < — R} , 

where R is a positive number greater than any \p a \. Now we define two 
complex rank 2 vector bundles E + and E~ over T: 

E + = {s G T (7+, E) \D 7 s = i§s} , (3) 
E~ = {s GT (-f_,E)\D r s = i$s} . 



From Bogomolny equations it follows, as in Ref. [HJ, that these bundles 
are holomorphic. The real structure r on T can be lifted to an antilinear 
antiholomorphic map 

a : E + -> (E-)*. 

Thus every solution of U(2) Bogomolny equations maps to a pair of holo- 
morphic rank two bundles on T interchanged by the real structure. 

Let P x denote the real section corresponding to x, and P a the real section 
corresponding to p a . Let P be the union of all P a . If 7 does not pass 
through any of p a , any solution s can be continued from 7+ to 7_. This 
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defines a natural indentification of the fibers and E . Therefore we have 
an isomorphism 

h : E+\ T \ P -> E~\ T \p. (4) 

For nonsingular monopoles h extends to an isomorphism over the whole 
T, therefore the Ward correspondence maps a nonsingular monopole to a 
holomorphic bundle over T. In the present case h or h~ x may have singu- 
larities at P, and the Ward correspondence maps a singular monopole into a 
triplet (E + , E~, h). This triplet satisfies a certain triviality constraint which 
we now proceed to formulate. 

For any x distinct from all p a the intersection P x f] P consists of an even 
number of points. For a generic x the cardinality of Q x — P x f]P is 2k. For 
any x we can arbitrarily split Q x into two sets of equal cardinality and Q~ 
and construct a vector bundle E x over P x by gluing together E + restricted 
to P x \Q x and E~ restricted to P X \Q~ , with the transition function h. (Of 
course, E x depends on the splitting.) The triviality constraint is that for any 
x there is a splitting Q x = \J Q~ such that E x is trivial. 

Now we state the Ward correspondence between singular U (2) monopoles 
and twistor data. There is a bijectionQ between singular monopoles modulo 
gauge transformations and pairs {E + , E~) of holomorphic rank 2 bundles over 
T equipped with an isomorphism Eq. (Q) satisfying the following conditions: 

(a) For any x ^ p a there is a splitting Q x = \J Q~ such that E x is 
trivial. 

(b) In the vicinity of each point of P there exist trivializations of E + and 
E~ such that h takes the form 

H= (o UaiV-PaiO) J' ^ 

so that h extends across P to a morphism E + — > E~. 

(c) The real structure r on T lifts to an antilinear antiholomorphic map 
a: E + (E-)*. 

Let us explain where (a) and (b) come from. The condition (b) arises 
from studying the behavior of the solutions of the equation D^s = z$s as 
7 approaches p a . Details can be found in Ref. 0. (There the SU{2) case 
was analyzed, but the extension to U(2) is straightforward). To demonstrate 



"The injectivity of Ward correspondence can be shown by a straightforward modifi- 



cation of the argument in Ref. 1 1 . We conjecture the surjectivity by analogy with the 
nonsingular case. 
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(a) it is sufficient to exhibit a holomorphic trivialization of E x . Take any 
x p a ,a = I, . . . ,k and recall that P x consists of all straight lines 7 passing 
through x. To obtain a holomorphic section of E x pick a vector v\ in the fiber 
of B over x and take it as an initial condition for the equation D^s = iQs at 
t = 0. Integrating it forward and backward in t and varying 7 yields sections 
of E + and E~ related by h. It is easy to check that they are holomorphic 
and thereby combine into a holomorphic section si of E x . To get a section s 2 
of E x linearly independent from si just pick a vector v 2 linearly independent 
from v\ and repeat the procedure. (This argument has to be modified if there 
is a straight line 7 passing through x and a, (3 G {1, . . . ,k} such that p a and 
2?g lie on 7 and x separates them. In this case one of the vectors Vi,v 2 has 
to be varied, Vi ~ as one varies 7.) 

We now want to encode the twistor data in an algebraic curve S C T, in 
the spirit of Ref. [TO. We denote by 0(m) the pullback to T of the unique 
degree m line bundle on P 1 , and by L x (m) a line bundle over T with the 
transition function ^- m e~ xv ^ from Vq to V\. Let L\ be a line subbundle of 
E + which consists of solutions of _D 7 s = i$s bounded by const ■ exp(— fiit)t n 
as t — > +00. Similarly, a line bundle c -E 1- consists of solutions bounded 
by const ■ exp(— fi 2 t)t~ n as t — > —00. The line bundles L2" and L^" are defined 
by 

Li = E + /L+, L 2 =E~jL{. 



As in Ref. |IJ the asymptotic conditions on the Higgs field can be used to 
show that Lf 2 and L^ 2 are holomorphic line bundles, and that the following 
isomorphisms hold: 

L+ ~ L+ ~ L^(n'), - L^(-n'), L 2 ~ L^(n). 

Consider a composite map 

V> : -> -> -> LJ, 

where the first arrow is an inclusion, the second arrow is /i, and the third ar- 
row is a natural projection. We may regard ip as an element of H°(T, 0(2nj). 
Let us define the spectral curve S to be the zero level of if). S is in the linear 



system 0(2n). Arguments identical to those in Ref. |T0| can be used to prove 
that S is compact and real (i.e., t(S) = S). 

Consider now a map <fi : A 2 E + — > A 2 E~ induced by h. By virtue of Eq. (|5|) 
the zero level of <fi is precisely P. We will assume in what follows that S does 
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not contain any of P a as components. Physically this corresponds to the 
requirement that none of the nonabelian monopoles is located at x = p a . 
For simplicity we will also assume that S f]P consists of 2nk points (this is 
a generic situation). 

The construction here bears a close resemblance to that in Ref . [JTTJ] , where 



nonsingular monopoles for all classical groups were constructed. According to 
Ref. |nj, the spectral data for a nonsingular SU(3) monopole with magnetic 
charge (k,n) include a pair of spectral curves S\, S2 in the linear systems 
0(2n), 0(2k). Our S and P are analogs of Si and S2. The condition that 



Sf]P consists of 2nk points is analogous to the requirement in Ref. JO] that 
the monopoles are generic. (This resemblance is not a coincidence: if we 
consider an SU (3) gauge theory broken down to SU (2) x U(l) by a large vev 
of an adjoint Higgs field, the (k, n) monopoles of SU(3) reduce to singular 
monopoles of SU(2) x U (1) with nonabelian charge n and total abelian charge 



is 



k. In this limit the spectral data of Ref. |Tl] must reduce to ours.) 

Since L~f\s = ker ip\s, we have a well-defined holomorphic map p : 
I/2 |s induced by h. There is also a holomorphic map £ : L^ls — > Li\s 
induced by h. Thus we have natural elements p e H° (S, L^(k)) and £ G 
H° (S, L~^{k)) . It also easily follows from the definition that p <8> £ = <^\si 
and therefore the divisors of both p and £ are subsets of S f) P. p and £ 
are interchanged by real structure, and therefore the same is true about 
their divisors. It follows that the divisors of p and £ are disjoint and have 
equal cardinality. Thus we can define the spectral data for a generic singular 
monopole to consist of 

(i) A spectral curve S, which is a real compact curve in the linear system 
0(2n) such that Sf]P consists of 2nk disjoint points. 

(ii) A splitting Sf]P = Q + {JQ~ into sets of equal cardinality inter- 
changed by r. 

(iii) A section p of L^(k)\s with divisor Q + and a section £ of L~^{k)\ s 
with divisor Q~ . p and £ are interchanged by real structure. 

The condition (iii) is a constraint on S. It implies that p and £ satisfy 

PZ = U(V-Pa(C))- (6) 

a 

For nonsingular monopoles it reduces to the requirement that L^\s be trivial, 
as in Ref. [fLOR . As a consequence of (iii), L 2tJi \ s [Q- — Q+] is trivial. 

Recall that the spectral data for nonsingular SU(2) monopoles satisfy 
an additional constraint, the "vanishing theorem" of Ref. O]. It says that 
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L zti (n — 2) is nontrivial for z G (0, 1). A natural guess for the analogue of 
this condition in our case is 

(iv) L z>M (n — 2) [— Q + ] is nontrivial for z G (0, 1). 

We already mentioned a close connection of the spectral data for singular 
U(2) monopoles and those for nonsingular SU(3) monopoles [|ll|] with the 
largest Higgs vev set to +oo. Consequently, one can obtain the condition (iv) 
from the "vanishing theorem" of Ref. JTIJ by taking the appropriate limit. A 
direct derivation of (iv) should also be possible. 

Arguments very similar to those in Ref. ]K| show that the spectral data 
determine the singular monopole uniquely. A natural question is if there 
is a one-to-one correspondence between singular U(2) monopoles and spec- 
tral data defined by (i-iv). The answer was positive for nonsingular SU(2) 
monopoles |fl2| , so it is highly plausible that the same is true in the present 
case. Presumably a proper proof of this can be achieved by converting the 
spectral data into solutions of Nahm equations, and then reconstructing sin- 
gular monopoles by an inverse Nahm transform 
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3 Twistor space for singular monopoles 

Having established the correspondence between singular U(2) monopoles and 
algebraic data on T, we now proceed to construct the twistor space Z n for 
the moduli space of a singular monopole with nonabelian charge n. We follow 



the method of Ref. |13] . For fixed C = Co every point in Z n yields a spectral 
curve S which intersects the fiber of T over (q at n points. Thus we have a 
projection 

Z n - ® n j=x O{2j) = Y n . 

Concretely, if S is given by r] n + ■r] 1 r] n ~ 1 + • ■ ■ + rj n = 0, the corresponding 
point in Y n is (771 , . . . , r] n ). Now consider an n-fold cover of Y n 

X n = {fa 771, ... , Vn) G 0(2) © Y n \ V n + r^rf 1 - 1 + • • • + Vn = o} . 

There are two natural projections tx\ : X n — > T and tt 2 : X n — > Y n . Using 
these projections, we get a rank n bundle V + over Y n as a direct image sheaf 
V + = 7T 2 *7r*L M (A;). Similarly, we get a rank n bundle V~ = 7T2*7T*iv _/i (A;). For 
any point in Z n we have a section p of L^(k)\s and a section £ of L~^(k)\s- 
Therefore, there is an inclusion Z n C V + © V~ . To describe this inclusion 
more concretely, we must rewrite the condition (iii) in terms of sections of 
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V ± . The result is as follows. Let U be a 2n + 1-dimensional subvariety in 
C 3n+1 with coordinates (C, Vi, ■ ■ ■ , Vn, Po, ■ ■ ■ , Pn-i, Co, • • • , fn-i) defined by 

(P0 + P1V + --- + Pn-lV^ 1 )^ + ZlV + ■ ■ ■ + Zn-lV"- 1 ) = U(V - Pa(C)), 

a 

mod rf 1 + T] l vi n ~ l H h ??„ = 0. (7) 

Take two copies of U and glue them together over ( ^ 0, oo by 

C = C\ (8) 

= C~ 2 ^j, j = l,...,n, 
Po + PiV + --- + Pn-iV 71 - 1 = e-^(-\p + PiV + ■ ■ ■ + Pn-i^ 1 ), 
Co + €iV + ■ ■ ■ + in-iV"- 1 = e^C^o + + + a-iTf 1 ), 

all modulo r] n +r]ir] n ~ 1 + ■ ■ ■+r] ri = 0. The resulting 2n+ 1-dimensional variety 
is Z n , the twistor space of singular monopoles with nonabelian charge n. 

To reconstruct the hyperkahler metric from the twistor space one has to 
find a holomorphic section of A 2 T F ® 0(2), where Tp is the cotangent bundle 
of the fiber of Z n . Upon restriction to any fiber of Z n this section must be 
closed and nondegenerate. An obvious choice (the same as in Ref. is 



where = 1, . . . , n are the roots of rf 1 + rjirj n ~ l + h rj n — 0. 



4 Moduli space M\ of n = 1 monopole 

Specializing the formulas of the previous section to n = 1, we get that the 
twistor space Z\ is a hypersurface in the total space of L M (/c) © L _M (A;) 

k 

PoC =U(V-Pa(C)), (10) 

a=l 

where po £ L^{k),^ G L _M (fc), and 77 G 0(2). Obviously, for fixed ( this is 
a resolution of C 2 /Zfc, so the corresponding hyperkahler metric is an Ak-i 
gravitational instanton. In fact, it is well known what the metric is: it is the 
multi-Taub-NUT metric with k centers. In the remainder of this section we 
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rederive this result using the Legendre transform method of Refs. 
This will serve as a warm-up for the discussion of ALF metrics in the 
next section. 

First we find the real holomorphic sections of the twistor space Z\. This 
amounts to solving Eq. (|To|) with p Q , £ , and 77 now regarded as holomorphic 
sections of the appropriate bundles. Recalling that 77 = a( 2 + 2b( — a and 
Pa{C) = a a( 2 + 26q,C — «« with b, b a e R, one gets in the patch V 

Po = Ae+V(b + oC) JJ ( C _ Ua) , 

0=1 

£0 = Be-^ b + a Of[(C-v a ), 

a=l 

with = II ( a — a «)- Here u a and u a are the roots of the equation 77(C) = 

^«(C), 

-(6 - b a ) - A a 



-(b-b a ) + A c 



(11) 

with A a — J(b — b a ) 2 + \a — a a \ 2 > 0. (The ambiguity in the sign of A a is 
fixed by requiring that the hyperkahler metric on this family of sections be 
everywhere nonsingular. This is equivalent to asking that the normal bundle 
of every section in the family be 0(1) ® Q(l).) Since the real structure must 
interchange po and £0, we get 

BB = Y[(b-b a + A a ). (12) 

Thus we have a family of solutions to Eq. (|10D parametrized by Re a, Im a, b, 
and Arg B. 

Having found the real holomorphic sections, we compute the Kahler po- 
tential. The twistor space Z\ is fibered over P 1 with an intermediate projec- 
tion 

Z x -> 0(2) -> P 1 . 

In the above ( and rj are coordinates on the base and the fiber of 0(2), 
respectively. The holomorphic 2-form uj 6 A 2 T* ® 0(2) is given by 

U j = AdT 1 A d j. (13) 
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Figure 1: The contour T a enclosing u a and v a . 

For ( 7^ oo we can choose 77(C) and x = 21og| as two coordinates on the 
moduli space Mi holomorphic with respect to the complex structure defined 
by (. The coordinates in the patch ( 7^ are related to these as 

V = VC 2 ,x' = x-WC (14) 

The second equation here follows from po and £0 being sections of L Al (/c) and 
L~ M (fc). In terms of these coordinates 

uo = drj Adx = ( 2 dr]' A d\ . (15) 

Following Ref. || we define an auxiliary function / and a contour C by 
the equation 

£ f ; =i d j x+ L f x ' = (i + £) § x - ^ L (16) 

for any integer j. Here and in what follows the integrals / and ^ are 
taken along small positively oriented contours around respective points. This 
implies that in the first of this integrals the contour runs counterclockwise, 
while in the second one it runs clockwise. Substituting an explicit expression 
for x we find 

£ § / = E i f 2 >o g wo - ^(0) + 4^ ^ (it) 

Here r a is a figure-eight-shaped contour enclosing u a and f a (see Figure 
1). We define a function G(r),Q by dG/dr/ = f. According to Ref. |J the 
Legendre transform of the Kahler potential is given by 

F <^> = ^0 G( '<- C) - (18) 
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Using Eq. ( [HP we find 



F ^ i f " 2 + £ hLf* 2 ( " - PJ log ( " - ft) ■ (19) 



The Kahler potential is the Legendre transform of F: 

dF 

K(a, a,t,t) — F — b(t + t) , — = t + t. 



(20) 



It is a well known fact that the metric corresponding to Eq. flT9|) is the multi 



Taub-NUT metric with k centers |J [14| . This is in agreement with string 
theory predictions [0. 



5 Moduli space of centered n = 2 monopole 

5.1 Twistor space Z2 of centered n = 2 monopole 

For n = 2 the moduli space M2 is 8-dimensional and admits a triholomorphic 
£/(l) action. We define the centered moduli space M° to be the hyperkahler 
quotient of M2 with respect to this U(l) (at zero level). The U(l) action 
on M2 lifts to a C* action on Z 2 . It acts by pj — > Xpj, £j — > A _1 £j. The 
corresponding moment map is 771, as can be easily seen from the expression 
for u). Thus Z®, the twistor space of M® , is the C* quotient of the subvariety 
rji = = fji in Z 2 - We first investigate one coordinate patch of Z\. Let us 

denote Vi = Po£o,^2 = Pi£i, ^3 = §(po£i + Pi£o),^4 = §(po6 - Pifo). The 
variables are invariant with respect to C* action and satisfy 

^2=^3-^4, (21) 

^1 - %V>2 + 2^=^03 = H(V=m - P a {0), 

a 

1P1 - V2*p2 - ^V-m^ = Yli-V^m - P a (0)- 

a 

These equations define a three-dimensional subvariety U° in C 6 with coordi- 
nates ((,r]2, ipi, ■ ■ ■ ,^4)- Geometric invariant theory tells us that Z® can be 
obtained by gluing together two copies of U° over ( 7^ 0, 00. The transition 
functions can be computed from Eq. (§): 

C = C\ (22) 
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V2 = C %, 
C~ 2k 

4>i = ~y~ ("01 ~ ^2^2 + cos 7(^1 + ^2^2) - 2^4 sin 7) , 

£4-2Ai 

02 = ~Z (~C01 -V21P2) + COS 7(^1 + 772^2) - ^1p4y/msmj) 

& = C 2 ~ 2 Vs, 

£2-2fc / sin 7 \ 

^4 = — (-01 +V2^2)—= + V>4 COS 7 , 
2 V V 7 ^ / 



where 7 = 

From this explicit description of Z° one can see that for any £ the fiber 
of Z® is a resolution of the singularity. Indeed, combining Eqs. Q2"T| ) we 
see that the fiber of Uo over ( is biholomorphic to a hypersurface in C 3 (with 
coordinates (772, if>2, ^4)) given by 

^ 4 2 + ^2+^ 2 Q(?72)-ft(r72) 2 = 0, (23) 
where 2(772), ^(7/2) are polynomials in 772 defined by 

22^) = n(v=^-^(o)+ii(-v=%-^(c)), 

a a 

= n(v=^-^(c))-n(-^- p a(c))- 

a a 

Furthermore, these formulas imply that if all points pi, . . . ,p^ are distinct, 
the manifold is a smooth complex manifold in any of its complex struc- 
tures. Since the 2-form uj is smooth as well, we conclude that M° is a 
smooth hyperkahler manifold. The smoothness of is also in agreement 
with string theory predictions. Indeed, as explained in Ref. @, the space 
M° is the Coulomb branch of N = 4, D = 3 SU (2) gauge theory with k fun- 
damental hypermultiplets, with p a being hypermultiplet masses. When p Q 
are all distinct, the theory has no Higgs branch, and therefore the Coulomb 
branch is smooth everywhere. When some masses become equal, the Higgs 
branch emerges, and the Coulomb branch develops an orbifold singularity 
at the point where it meets the Higgs branch. Thus we expect that when 
some of p a coincide, or equivalently, when some of £ a are bigger than 1, the 
manifold M® has orbifold singularities. 

In Ref. m the same manifold Z\ arose as the twistor space of the moduli 
space of a system of ordinary differential equations (so called Nahm equa- 
tions). This is of course a consequence of a general correspondence between 
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solutions of Bogomolny equations and Nahm equations ]T5], [TJ], |TT[. Thus 
Ref. [||] provides an equivalent construction of ALF metrics. 



5.2 Real holomorphic sections of Z\ 

The discussion of section 2 implies that a real holomorphic section of the 
uncentered twistor space Z 2 is a triplet (S, p, £), where is the spectral 
curve in T given by rf + 77x77 + 772 = 0, p and £ are holomorphic sections 
of L^{k)\s and L~^(k)\s satisfying the condition (iii) of section 2. Then, as 
explained in section 3, the real holomorphic sections of Z 2 are obtained by 
setting 771 = and modding by the C* action p — > Xp, £ — > A -1 £. In this 
subsection we find the explicit form of the real holomorphic sections of 

The curve rf + r] 2 = is either elliptic or a union of two CP^s. The 
former case is generic, while the latter occurs at a submanifold of the moduli 
space. Intuitively the latter case corresponds to the situation when the two 
nonabelian monopoles are on top of each other. It suffices to consider the 
elliptic case. 

By an 5*0(3) rotation 

C = 4r^' r > ] = Tih=*> h 2 + n 2 = i, (24) 

— b( + a {—b( + a) 

we can always bring the elliptic curve rf = —772(C) to the form 

ff = Akl (C 3 - 3A: 2 C 2 - C) , h > 0, k 2 E R. (25) 

It follows that the discriminant A > 0, and therefore the lattice defined 
by the curve S is rectangular. We denote this lattice 2Q and its real and 
imaginary periods by 2a; and 2u/, respectively. 

We parametrized 5* by five real parameters: the Euler angles of the SO (3) 
rotation and a pair of real numbers ki and k 2 - We will see in a moment that 
the condition (iii) imposes one real constraint on them, so we will obtain a 
four-parameter family of real sections, as required. 

To write explicitly a section of L^fc)^, we will use the standard "flat" 
parameter on the elliptic curve u defined modulo 2f2, in terms of which 
77 = kiV'(u),( = V{u) + k 2 . Here V(u) is the Weierstrass elliptic function. 
In terms of u the real structure acts by u — > — u + uj + uj' . 

A section of L^{k)\ s can be thought of as a pair of functions on S fx, f 2 
such that fx is holomorphic everywhere except ( = 00, f 2 is holomorphic 
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everywhere except ( = 0, and for ( ^ 0, oo /2(C) — (~ k exp(— f^fj / C) fi(C) ■ The 
point ( = 00 corresponds to two points Woo, — « M on S 1 defined by P(woo) + 
^2 = a/5. Furthermore, condition (iii) implies that the divisor of /1 is Q+- 
Let us recall that Q+{jQ- = {J a Qa, where Q a = Sf)P a ,a = l,...,k. 
Thus Q a consists of solutions of a system of two equations r\ = P a ((),r] 2 = 
—r/ 2 (C)- Obviously, this defines four points on the elliptic curve S. Because 
of real structure, these four points split into two pairs whose members are 
interchanged by r. Q + includes one point from each pair (for all a), Q- 
includes the rest.f] Let us denote the "flat" coordinates of points in Q + by 
u a , u' a , a = 1, . . . , k, and those in Q_ by v a , v' a , a = 1, . . . , k. By definition, 
v a = —Uu + u + u'imod 2Q), v' a = — u' a + oj + u/(mod 2fl). We fix the mod 2fl 
ambiguity by requiring that u a ,u' a ,v a , v' a be in the fundamental rectangle of 
2Q. In this notation a section of L^(k)\s is given by 

/l ~ exp (-flktiCwiu + Moo) + Cw{U - Moo)) + Cu) [[ 



a a(u - Woo)(t(w + Moo) 

(26) 

Here (w(u) and a{u) are Weierstrass quasielliptic functions (we denote Weier- 
strass ^-function by (w( u ) to avoid confusion with the affine coordinate ( on 
the P 1 of complex structures), and C is a constant. Similarly, a section 
of L~ M (/c)|s with the divisor Q- is represented by a pair of functions gi, g 2 
related by g 2 (() = (~ k exp(/ir//C)pi(C)- Explicitly g x is given by 

/ r /> / \ > / \\ \TT CT (' U _ V a )a(ll — v') 

g x ~ exp (ufci(Cw/(M + Moo) + Cw{U - Moo)) + £>«) I I — — ■ r, 

V Cr{U - Moo)0"(M + Moo) 

(27) 

where .D is another constant. In general fi and gi are quasiperiodic with 
periods 2u and 2a;'. The condition (iii) is equivalent to asking that fi and pi 
be doubly periodic. One can see that the latter can be achieved by adjusting 
C and D if and only if 

2/1^ + ^(^ + e 2fi, 

2^i - + O e 2fi. (28) 

Recalling that fci is real and positive, we conclude that there exist integers 
m,m',p,p' and a real number x G (0,2a;] such that J2a( u a + u' a ) = —x + 

3 There is a 4 m -fold ambiguity involved in the splitting Q = Q+{JQ-- It can be 
fixed, in principle, by requiring that the normal bundle of every section in the family be 
0(1)8 0(1). 
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2mu) + 2m'w', J2 a ( v a + v' a ) = x + 2pu + 2p'u'. Then Eqs. ( P%| ) together with 
the condition (iv) imply 

2/iJfei = z. (29) 
Then for /i and #i to be doubly periodic one has to set 

C = 2m( w {u) + 2m'(w(u'), D = 2p( w {u) + 2p'Qw{u') 

Let us notice for future use that 

log/i(u + u)- log/i(u) = -2mm', 

log + w') - log / x (u) = 27rim, 

log gi (u + u)- logflfi(«) = -2tiV, 

log g-i (m + lo') - log gf X (w) = 2mp. (30) 

Eq. ( p9f) is a transcedental equation on ki,kz, and the 150(3) rotation 
required to bring S to the standard form Eq. (p5|). It reduces the number of 
real parameters in the equation of the curve from 5 to 4. Thus we have a 
four-parameter family of real sections of Z\. 

5.3 The Kahler potential of the centered n = 2 moduli 
space 

Having found a four-parameter family of real holomorphic sections of Z\ we 
now would like to compute the corresponding hyperkahler metric. Since Z\ 
has an intermediate holomorphic projection on 0(4), we can use the method 
of Ref. |9j to write down the Legendre transform of the Kahler potential. The 
existence of the projection is equivalent to saying that r]2 is a holomorphic 
coordinate on Z®. The holomorphic 2-form u in the patch £ ^ oo can be 
written as 

uj = dr] 2 Ad ^ - log — = dr}2 A d%- 

branches ^ 9l 

Here f\ and 77 = ■sj—rii are regarded as double-valued functions of ( G 
P 1 \{C 7^ °°}) an d the sum is over the two branches of the cover S —> P 1 . 
Similarly, in the patch £ 7^ we can write 
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On the overlap we have the relations 



c/=rv V2 = c%, x' = c 2 x-^c- (31) 

Following Ref. ||, we would like to find a (multi- valued) function f(rj, () 
and a contour C on the double cover S — > P 1 such that 

for any integer j. Here the contours of integration on the RHS are small 
positively oriented loops around ( = and ( = oo. To find / we substitute 
the explicit expressions for \ and \' and rewrite the integral on the RHS as 
an integral in the u-plane. Then the RHS becomes 

/*tC(„)^]og£M + W* (32) 

where the contour in the first integral consists of four small positively ori- 
ented loops around four preimages of the points Q = and C = oo in the 
fundamental rectangle of the lattice 2Q. We denote these points u ,u' = 
2(u> + uj') — -u , Woo, = 2(u; + uj') — Uoo. Besides these four points the 
only other branch points of log fi(u) / gi(u) in the fundamental rectangle are 
u a ,u' a ,v a ,v' a ,a = l,...,k. As for ((u), it is elliptic. Then we can rewrite 
Eq. ([32]) as 

du +2 fi(u) „ I du - +2 /i(u) r d( 

-C(u) 3+ log — - + 2^ f tt C(«) log — - + 4/i -* 



'Wry All 5-1 (u) a^+A'ah g x (u) JO C i_1 ' 

(33) 

where the contour in the first integral runs along the boundary of the fun- 
damental rectangle, while A a and A' a enclose the pairs of points u a , v a and 
u' a ,v' a , respectively (see Figure 2). Using Eqs. ( j30|) the integral over the 
boundary can be simplified to 

-2m I ^ C(u)-^, 

J(m—p,m'—p') K\ 

where the contour (m — p,m' — p') winds m — p times around the real cycle 
and w! — p' times around the imaginary cycle. Recalling the explicit form of 
fi(u) and gi(u), we can rewrite the integral over A a + A' a as 

f du 

f —((u)~ J+2 \oga(u-u a )a(u-u' a )a(u-v a )a(u-v' a ), (34) 

JB a +B' a fci 
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Figure 2: Integration contours in Eq. fl33"l). Only one of the contours A a and 



one of the contours A' a are shown. 



where the contours B a and B' a are figure-eight-shaped contours shown in 
Figure 3. On the other hand, it can be easily seen that 



r](u) - P a {({u)) ~ e 



uiC+D) gj> ~ u a )a(u - vQaju - v a )a(u - <) 



Since neither nor are enclosed by the contour B a + B' a , the integral 
Eq. ([?|) is equal to 

I ^C(ur j+2 log(r,(u)-P a (C(u))). 

Collecting all of this together we get 



2ixi f — C 

J(m—p,m'—p') Tj 

- E / -C- i+2 log(^ - P a (C)) + 4/x / ^j. 
„ Jc„+cl r? Jo C 



(35) 
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Figure 3: The contours B a and B' a . 

Here all the functions are regarded as functions on the double cover of the 
£-plane, and the contours C a ,C' a are the images of B ai B' a under the map 
uh(. We now define a function G(i],Q by dG/drj = —2i](~ 2 f. According 
to Ref. || the Legendre transform of the Kahler potential is given by 




Hence we can read off F: 

r ,a (36) 

2m Jo C J(m-p,m'-p>) C 

-Erf p ^ log ^ - 

V 2tu Jc a +c a C 2 

F may be regarded as a function of the coefficients of 772(C) — z + v C + ^C 2 ~~ 
t;C 3 + ^C 4 - Since w is real, F depends on 5 real parameters. These parameters 
are subject to one transcedental constraint expressed by Eq. (p9|). (This con- 
straint implies dF/dw = 0.) Thus we may think of w as an implicit function 
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of z and v. The Kahler potential K(z, z, u, u) is the Legendre transform of 
F: 

OF dF _ 

K(z, z, u, u) = F(z, z, v, v, w) — uv — uv, —— = u, -— = u. 

ov ov 



Eq. agrees with a conjecture by Chalmers JT6 




We already saw in section 5 that M 2 ° is a resolution of Dk singularity. 
Now we can check that it is ALF. To this end we take the limit k\ — > +00. 
Eq. fl2"P| ) implies that in this limit u — >• 00, while u' stays finite. Thus the 
curve S degenerates: 772(C) ~" *■ — (-P(C)) 2 ? where P(C) is a real section of T. It 
is easy to see that in this limit F reduces to the Taub-NUT form (see section 

4) ' 4^(0* , ^(C)i°gP(0) (37) 

where K is an integer depending on the limiting behavior of u a , u' a , v a , v' a . 
Therefore asymptotically the metric on has the Taub-NUT form. With 
some more work it should be possible to compute the integer K as well. 

Note also that if we set \i = 0, then the metric becomes ALE. Kronheimer 
proved @ that the ALE metric is essentially unique. Thus we have 
obtained the Legendre transform of the Kahler potential for the Dk metrics 
of Ref . . It would be interesting to obtain a similar representation for the 
Ek ALE metrics. 
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